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Proof of Heisenberg’s error-disturbance principle
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(Dated: August 10, 2018)
According to Heisenberg’s arguments about his error-disturbance relation for electron position
measurement, the measurement error of the position of an electron determines its uncertainty just af-
ter the measurement. It is the resolution ǫ(xt), i.e., the measurement error of the post-measurement
observable xˆt, not the precision ǫ(x0), i.e., the measurement error of the pre-measurement observ-
able xˆ0 that determines the uncertainty of the observable xˆt. Therefore, Heisenberg’s relation must
be interpreted as being between the resolution ǫ(xt) and disturbance η(y0). The magnitude of the
disturbance η(y0) is independent of the definition of the measurement value of the observable xˆt.
Heisenberg’s error-disturbance relation is proven to hold true in general, when the measurement
value of xˆt is defined to minimize the resolution ǫ(xt).
PACS numbers: 03.65.Ta, 06.20.Dk, 04.80.Nn
In 1927, on the basis of his famous γ -ray microscope
thought experiment, Heisenberg argued that the error-
disturbance relation (EDR)
ǫη ∼ h, (1)
holds true between the error ǫ of position measurement of
an electron and the disturbance η of the electron momen-
tum [1]. He further wrote ”If there existed experiments
which allowed simultaneously a ”sharper” determination
of p and q than equation (1) permits, then quantum me-
chanics would be impossible.”
His reasoning was as follows: Suppose that the mo-
mentum of a free electron is precisely known, while the
position is completely unknown. Then, a subsequent
measurement of the position is performed with a very
small error ǫ. Because Heisenberg considered the er-
ror ǫ to be identical to the uncertainty of the electron
position just after the measurement [2], if the electron
momentum was not altered drastically by the position
measurement, the Kennard–Robertson uncertainty rela-
tion [3, 4] σ(xt)σ(pt) ≥ ~/2 would not hold for the post-
measurement state, with σ(A) being the standard devia-
tion of an observable Aˆ. Thus, quantum mechanics would
become inconsistent. The EDR (1) states that in order
not to cause such a contradiction, every position mea-
surement must alter the momentum such that after the
measurement our knowledge of the electron motion will
remain restricted by the Kennard–Robertson uncertainty
relation.
Although Heisenberg demonstrated [2] in a few
thought experiments that the uncertainty relation (1)
was valid, it has never been proven that relation (1)
holds true in general. Ozawa claimed in 2002 [5] that
there exists a position measurement where the error ǫ
is zero and η < ∞. Therefore, Eq.(1) would be invalid
for this measurement. Recently, many experimental tests
of Heisenberg’s EDR have been performed for projective
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neutron-spin measurements [6] and single-photon polar-
ization measurements [7]-[11]. These experimental tests
demonstrated that Heisenberg’s EDR
ǫ(x0)η(y0) ≥
1
2
|〈φ0|[xˆ0, yˆ0]|φ0〉| (2)
between the measurement error ǫ(x0) of a pre-
measurement observable xˆ0 and the disturbance η(y0)
of another observable yˆ0 caused by the xˆ0 measurement
is violated, where |φ0〉 is the state vector of a measured
object just before the measurement. A universally valid
uncertainty relation derived by Ozawa [12]
ǫ(x0)η(y0) + ǫ(x0)σ(y0) + σ(x0)η(y0)
≥
1
2
|〈φ0|[xˆ0, yˆ0]|φ0〉| (3)
holds true in general, where σ(x0) and σ(y0) are the stan-
dard deviations of observables xˆ0 and yˆ0, respectively, for
the initial state |φ0〉.
Do these facts demonstrate that Heisenberg’s above-
mentioned argument is wrong? The answer is that
Heisenberg’s original EDR is not relation (2), although
Ozawa and the authors of references [7]-[11] regarded it
as such. The author agrees that inequality (2) is not al-
ways true; however, in Heisenberg’s original reasoning,
the error of position measurement is considered to deter-
mine the uncertainty of the electron position after the
measurement. This is also supported by the fact that
Heisenberg concluded the uncertainty relation to be valid
for electron motion after the measurement in the γ-ray
microscope thought experiment [2]. W. M. de Muynck
also remarked that the inequality does not refer to the
past but the future, i.e., to the state of the electron after
the measurement [13]. This fact often remains unno-
ticed. Therefore, the measurement error in Heisenberg’s
EDR must be the one that determines the uncertainty
in the electron position immediately after the measure-
ment. As will be demonstrated later, it is the resolution
ǫ(xt), not the precision ǫ(x0) that determines the uncer-
tainty of the observable xˆt after the measurement (see
2Eq.(14)). Therefore, Heisenberg’s original EDR must be
interpreted as a relation between the resolution ǫ(xt) and
the disturbance η(y0):
ǫ(xt)η(y0) ≥
1
2
|〈φ0, ξ0|[xˆt, yˆt]|φ0, ξ0〉|, (4)
where |ξ0〉 is the state vector of a probe just before the
measurement, and we represent the tensor product |φ0〉⊗
|ξ0〉 as |φ0, ξ0〉. This relation always holds true, as will
be shown later.
Here, we will give a brief description of our measure-
ment model. We consider the measurement of an ob-
servable xˆ0 of a microscopic object. The object interacts
with a probe, which is a part of an apparatus, in a time
interval (0, t). Let Uˆ be a unitary operator representing
the time evolution of the object-probe system for this
time interval. Then, the object and probe observables xˆt
and Xˆt after the interaction are given by Uˆ
†(xˆ0 ⊗ Iˆ)Uˆ
and Uˆ †(Iˆ ⊗ Xˆ0)Uˆ , respectively. We hereafter abbreviate
the tensor product xˆ0 ⊗ Iˆ as xˆ0. The probe is supposed
to be prepared in a fixed state |ξ0〉. After the interac-
tion, the probe observable Xˆt is measured using another
measurement apparatus. Then, using the measurement
value X obtained, the measurement values of xˆ0 and xˆt
are determined. It is assumed that the probe observ-
able Xˆt can be precisely measured and the apparatus for
measuring Xˆt does not interact with the object system.
Such a measurement is called an indirect measurement
model. Every measurement is statistically equivalent to
one using indirect measurement models [14].
There has been no discussion about the problem of how
to determine the measurement value in the indirect mea-
surement model. The measurement value of the observ-
able Xˆt is usually assumed to be that of the observable
xˆ0. However, this assumption has no theoretical justifi-
cation. As has been pointed out in a previous paper [15]
in which the author studied position measurements, the
measurement value of Xˆt cannot be considered to be the
same as that of xˆ0. In the recent experimental tests of
Heisenberg’s EDR, the measurement value of Xˆt is also
regarded as that of the observable xˆ0.
The author’s latest study has revealed that the mea-
surement values of Xˆt indicate three types of strange be-
havior in the case where xˆ2
0
= 1 and Xˆ2t = 1 [16]. This
case is analogous to that of the recent experimental tests.
The author believes that the measurement values of Xˆt
cannot be regarded equivalent to those of xˆ0 for these ex-
perimental tests because of these strange behaviors. For
example, for a certain state |ξ0〉 of the probe, the dis-
tributions of the measurement values of Xˆt are entirely
identical to each other for any object state |φ0〉. Because
one can obtain no information on the measured object
from such measurement values, such an experiment can-
not be considered to be a measurement.
In this study, the author defines the measurement value
of xˆt to minimize the measurement error ǫ(xt), since
the magnitude of the disturbance η(y0) is independent
of the definition of the measurement value (see Eq.(17)).
Because the measurement value of the observable xˆt is
calculated using that of the observable Xˆt in the indi-
rect measurement model, a measurement-value operator
(xˆt)m whose eigenvalues give the measurement values of
xˆt must be a function of the operator Xˆt:
(xˆt)m = f(Xˆt). (5)
Then, the measurement error of the observable xˆt is
defined as
ǫ(xt) = 〈φ0, ξ0|{(xˆt)m − xˆt}
2|φ0, ξ0〉
1/2. (6)
We consider here the case where eigenvalues of the ob-
servables xˆ0 and Xˆ0 are continuous:
xˆ0|x〉 = x|x〉, Xˆ0|X〉 = X |X〉.
For the sake of simplicity, we assume that the eigenvalues
x andX are non-degenerate. Then, using the expressions
xˆt = Uˆ
†xˆ0Uˆ and Xˆt = Uˆ
†Xˆ0Uˆ , we obtain
ǫ2(xt) =
∫
{f(X)− x}2|〈x,X |Uˆ |φ0, ξ0〉|
2dxdX, (7)
where 〈x,X |Uˆ |φ0, ξ0〉 is a wave function of the object-
probe system just after the measurement.
One can express the square of an object wave function
〈x|φt〉X just after the measurement as
|〈x|φt〉X |
2 = |〈x,X |Uˆ |φ0, ξ0〉|
2/P (X), (8)
when the readout value of the probe operator Xˆt is X ,
where P (X) is the probability density for obtaining the
readout value X :
P (X) =
∫
|〈x,X |Uˆ |φ0, ξ0〉|
2dx. (9)
Thus, when the square of the measurement error ǫX(xt)
for the readout value X is defined as
ǫ2X(xt) =
∫
{f(X)− x}2|〈x|φt〉X |
2dx, (10)
we have
ǫ2(xt) =
∫
ǫ2X(xt)P (X)dX. (11)
When the term x − f(X) is modified into {x− 〈x〉X} −
{〈x〉X − f(X)} with 〈x〉X =
∫
x|〈x|φt〉X |
2dx, the follow-
ing equations are obtained:
ǫ2X(xt) = σ
2
X(x) + {〈x〉X − f(X)}
2, (12)
σ2X(x) =
∫
{x− 〈x〉X}
2|〈x|φt〉X |
2dx,
where the quantity σX(x) is the standard deviation of
the object observable xˆt when the readout is X .
3Because σX(x) is independent of the choice of the mea-
surement value f(X), it is clear from Eq.(12) that when
the measurement value is defined as
f(X) = 〈x〉X , (13)
the error ǫX(xt) has its minimal value:
ǫX(xt) = σX(x). (14)
The same result is obtained using the condition that the
functional ǫX(xt) has a maximum or minimum value for
any variation δf(X) of the function f(X):
δǫ2X(xt) = 2
∫
{f(X)− x}|〈x|φt〉X |
2dxδf(X) = 0.
We have already derived Eq.(12) in a previous paper
[17], where we discussed the standard quantum limit for
monitoring free-mass position. In that paper, we con-
cluded that ǫX(xt) ≥ σX(x). However, because the mea-
surement value f(X) should be defined as Eq.(13), the
measurement error ǫX(xt) coincides with the standard
deviation σX(x). Equation (14) indicates clearly that it
is the resolution ǫ(xt), not the precision ǫ(x0) that deter-
mines the uncertainty of the observable xˆt just after the
measurement.
It is easy to derive the following equation from defini-
tion (13) of the measurement value:
〈φ0, ξ0|(xˆt)m|φ0, ξ0〉 = 〈φ0, ξ0|xˆt|φ0, ξ0〉, (15)
which indicates that unbiased measurements of xˆt mini-
mize the measurement error ǫ(xt). Because Eq.(15) must
be satisfied for any initial object state |φ0〉, we have
〈ξ0|{(xˆt)m − xˆt}|ξ0〉κ = 0, (16)
where 〈· · · | · · · 〉κ represents the partial inner product
over the state space of the probe.
Here, we will derive EDR (4). The disturbance η(y0)
of an object observable yˆ0 caused by the xˆ0 measurement
is defined as
η(y0) = 〈φ0, ξ0|{yˆt − yˆ0}
2|φ0, ξ0〉
1/2. (17)
As in the indirect measurement model, the measurement-
value operator (xˆt)m is a function of Xˆt, we have
[ (xˆt)m, yˆt ] = 0. Using the relation
[ (xˆt)m − xˆt, yˆt − yˆ0 ] = [ (xˆt)m, yˆt ]− [ xˆt, yˆt ]
−[ (xˆt)m − xˆt, yˆ0 ],
and the condition (16) of unbiased measurement, we ob-
tain EDR (4). Therefore, Heisenberg’s original EDR
holds true in general.
When we substitute the position qˆ0 and momentum pˆ0
operators for xˆ0 and yˆ0, respectively, we have [ qˆt, pˆt ] =
Uˆ †[ qˆ0, pˆ0 ]Uˆ = i~. Then, we obtain
ǫ(qt)η(p0) ≥
~
2
. (18)
Moreover, the uncertainty relation
ǫ(xt)σ(yt) ≥
1
2
|〈φ0, ξ0|[ xˆt, yˆt ]|φ0, ξ0〉| (19)
holds, because [ (xˆt)m − xˆt, yˆt ] = [ (xˆt)m, yˆt ]− [ xˆt, yˆt ].
This relation is always true in the same manner as
Ozawa’s universally valid uncertainty relation, because
it has been derived without the condition (16) of unbi-
ased measurement. This relation is the same as Mensky’s
uncertainty relation induced by measurement [18].
When the eigenvalues of xˆ0 and Xˆ0 are discrete, i.e.,
xˆ0|xi〉 = xi|xi〉, Xˆ0|Xj〉 = Xj |Xj〉,
the measurement value can be defined in the same man-
ner as the case in which these eigenvalues are continuous.
When the readout of Xˆt is Xj , the measurement value
is defined as
f(Xj) = 〈x〉Xj =
∑
i
xi|〈xi|φt〉Xj |
2. (20)
Then, the error ǫXj (xt) of the xˆt measurement has a
minimal value:
σXj (x) = {
∑
i
(xi − 〈x〉Xj )
2|〈xi|φt〉Xj |
2}1/2. (21)
In this case, it is easy to demonstrate that condition (16)
of unbiased measurement is also satisfied and Heisen-
berg’s EDR (4) always holds.
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